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Another Example

reverse :: [a] — [¢]

tail :: [a] — [o]

For every choice of g and [:

reverse (map g /)

tail (map g /)

map g (reverse /)

map g (tail /)



Another Example
reverse :: [a] — [¢]
tail :: [a] — [o]
fla] = [
For every choice of g and /:
reverse (map g /) = map g (reverse /)
tail (map g /) = map g (tail /)

f (map g /) = map g (£ /)



Automatic Generation of Free Theorems

At http://www-ps.iai.uni-bonn.de/ft:

Please enter a (polvmorphic) type, e.g. "(a -> Bool) - [a] == [a]"' or sumply "filter":
f :: {a -» Bool) -»> [a] -» [a]\

Please choose a sublanguage of Haskell:

® no bottoms (hence no general recursion and no selective strictness)

O general recursion but no selective strictness

O general recursion and selective strictness
Please choose a theorem style (without effect in the sublanguage with no bottoms):
equational

inequational

hide type instantiations @ PNG O Plain O TeX O PDF 2



http://www-ps.iai.uni-bonn.de/ft

Automatic Generation of Free Theorems

The Free Theorem for "f :: forall a . (a -> Bool) > [a] > [a]"

¥ t,.t, € TYPES, R € REL(t,.t,).
¥ p:t — BooL
V q: t, — BoOL.
(V(x.y)eR.px=qy)
= (¥ (z, v) e urT{]}(R). (f p 2, f g v) € LFT{[]}(R))

urT{[J}R)
={(0. I}
U{(x:xs,¥:ys)| ((x,¥) € R) A ((xs, ys) € LFT{[]}(R))}

Reducing all permissable relation variables to functions

Vi, € TYPES, g i t;, — 1,
¥ p:t, — BooL.
¥ q: t, — BooL.
(Vxut.px=q(gx))
= (Vy:[t.mapg(fpy)=>fq(mapgy))
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Some Applications

» Short Cut Fusion [Gill et al., FPCA'93]

» The Dual of Short Cut Fusion
[Svenningsson, ICFP'02]

» Circular Short Cut Fusion
[Fernandes et al., Haskell'07]

>

» Knuth's 0-1-principle and the like
[Day et al., Haskell'99], [V., POPL'08]

» Bidirectionalization [V., POPL'09]

» Reasoning about invariants for monadic
programs [V., ICFP'09]
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Now, how about, say f :: a« = a = («a, ) ?

Or f:fa] = [a]?

And how to find out automatically?
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f(gx)="*fx

for all choices of types 7, 7, function g :: 71 — 7,
and x :: 71. Clearly, this means that f is a constant
function, i.e., for all x and y:

fy==1fx
So, “obviously”,
f(gx)dfx

where Z means “the same result, and equally fast
or slower”. What's wrong with this reasoning?
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But isn’t it Somehow Trivial?

Consider:
f :: Nat — Nat g - a— Nat
fx=if x == g X =

then 0 else f (x — 1)
Then certainly not, for x > 0:

f(gx)dfx

Exploiting polymorphism is really essential,
and not just for the extensional statements!
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Syntax for a typed A-calculus:

Semantics:

[a]o
[[Nat]]g

[r1 = 2l = [rals™"

0
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=N

€ Set
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Free Theorems, Formally — In a Nutshell
Syntax for a typed A-calculus:

Tu=a|Nat|7—17]...
to=x|n|t+t|xart|tt]...

Semantics:

[es = 0() [x] =o(x)

[Nat]y =N (], =n

[71 — 72l = [[Tzﬂe[hﬂe [\ 7.t]e = Av.[t]opsy

0 € Set™V™r [t ], = [t [t]s
Logical relation:

Aa,p = p(Oé) ANat,p = IdN

Drsmp =1{(F.8) [V(x,y) € Ar . (Fx,8y) €A}
with p € Rel™*

Theorem: for closed term t of type 7, ([t]g, [t]o) € A+ .
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Vp, t closed with t :: 7. ([t]g, [t]s) € As,

= (t=1f and 7 = o — Nat)

Vp. ([£lo: [£]0) € Banarp

& (Aron, ={(f,8) | V(xy) € Arp. (FXx,8Y) €EAL LY

VP, (X,y) S AOZ,P' ([[f]]@ X, [[f]]@ y) S ANat,p

:> (A(\A/) — /)((\), /)((\) =g c Hrﬂ}()ﬂﬂh, ANat,/; _ Id;)

vg € [n]™", x € [r]s. [£]s x = [£]o (g %)
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An Example Derivation, for f :: & — Nat

Vp, t closed with t :: 7. ([t]g, [t]) € A~

= (t=1f and 7 = o — Nat)
Vp. ([£]p. [£]0) € Aassnat,p

= (Aron, ={(f,8) [ Y(x,y) € Aryp. (Fx,8Y) € Arp})

Vo, (x,y) € Do ([£]o %, [£]0 ¥) € Anat,p
= (Bayp = p(a), pla) =g € []y™°, Ana, = idy)

v € [0, x € [ml- [€]o x = [£]o (g %)

= (term semantics)

Vgiumn — m,x . [f x]p=[f (g x)]

10



Bringing Costs into the Picture

New semantics:

[x]5 = (o(x),0)

[ = (n,0)

[Ax 7ty = (vl [e]7, . 0)
[t ] =[als ¢ [t]5

where: c¢>(v,c’) = (v,c+¢') and

fex=(c+c)(gv) iffz((g,C?),
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Bringing Costs into the Picture

New semantics:

[x]5 = (o(x),0)

[ = (n,0)

[Ax 7ty = (vl [e]7, . 0)
[t ] =[als ¢ [t]5

where: c¢>(v,c’) = (v,c+¢') and

fex=(c+)>(gv) iff:((g,c2),

Note: t :: o« — Nat implies [t]j € C(C(N)W@))’

for every 0 € Set"™v,

where C(S) = {(v,c) |ve S, c € Z}.
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How about the Logical Relation?

Tempting would be:

As, =) Aty = idrixz
A%—m,p - {(f,g) | V(X, y) S Aimp'

(fFex,gey) e Af L}
with p(a1), p(a2), ... CC(S) x C(T))

But NO, does not work! It would allow us to
conclude from:

Vp, f o — Nat. ([£]5, [£]}) € AL

a—Nat,p

that:
Vg um — o, x T [ x]y = [f (g X)]j

12



How about the Logical Relation?

Much more disciplined:

AL, =Cp(a) A, = idhs
A;t'lﬁ’rz,p - {(f7g) | COSt(f) - COSt(g)

AV(x,y) € A7 (fex,gey) € A%,p}
with p(a1), p(az),... € S x T;,
where C(R) = {((u, ¢),(v,c) | (u,v) € R,c € Z}

13



How about the Logical Relation?

Much more disciplined:
AL, =C(p(a)) Nior, = idies

A;t'lﬁ’rz,p = {(f7g) | COSt(f) = COSt(g)
AV(x,y) € AT . (Fex,gey) € A7}

with p(a1), p(az),... € S x T;, |
where C(R) = {((u, ¢),(v,c) | (u,v) € R,c € Z}

Now indeed . ..

Theorem: for closed term t of type T,
([e15, [t]p) € AT,
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Now, What about our Example f :: « — Nat?
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Now, What about our Example f :: « — Nat?

V. ([£] [[f]]%) < A(ci—>Nat,p

= (A= {(F.g) | cost(f) = cost(g)
AY(x,y) € Ai]_/). (fex,gey) € A‘,,"M})

Vo, (%,¥) € A - ([£15 ¢ %, [£]5 ¢ y) € ARs,,
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Now, What about our Example f :: « — Nat?

Vp. ([£]5; [[f]] ) € Aoz—>Natp

= (A= {(F.g) | cost(f) = cost(g)
AY(x,y) € A I (fex,gey) € AT /)})

Vo, (x,y) € A, ([5G ¢ %, [£]G ¢ y) € Ay,

= (A%, =C(p()), p(a) == R € Rel, A}

a,p Nat,p

= idnxz)

VR € Rel, (x,y) € C(R). [f]j ¢ x = [f]; ¢ y
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| [g]; ¢ x=y,c € Z} = C(R?)
for
RE = {(val(x), val([g]j ¢ x)) | x € [m]}

where appCost(g,x) = cost([g];; ¢ x) — cost(x)
Now:
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VR € Rel,(x,y) € C(R). [f]j ¢ x = [f]; ¢ y
= Vx € [n]. [£] ¢ (appCost(g, x) > x)
= [£15 ¢ ([g]§ ¢ x)
= Vx 1. appCost(g, [x]y) >([£]; ¢ [x]y)
= [£15 ¢ (L&l ¢ [xI§)
= Vx 1. appCost(g, [x]y) >[f x]j = [ (g x)]
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Now, What about our Example f :: « — Nat?

Now:
VR € Rel,(x,y) € C(R). [f]j ¢ x = [f]; ¢ y
= Vx € [n]. [£] ¢ (appCost(g, x) > x)
= [£15 ¢ ([g]§ ¢ x)
= Vx 1. appCost(g, [x]y) >([£]; ¢ [x]y)
= [£15 ¢ (L&l ¢ [xI§)
= Vx 1. appCost(g, [x]y) >[f x]j = [ (g x)]

Hence:
fxCf(gx)

15
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Vo, (x,y) € AL, ([£]§ ¢ %, [£] ¢ y) € AL,
Vg 1 — 1, (X,y) € C(RE).
([£15 ¢ %, [£]5 ¢ y) € C(RE)
= Vg:um — n,xE[n];
([£05 ¢ (appCost(g, x) > x),
[£15 ¢ ([l ¢ %)) € C(RE)
Does this imply

lely ¢ ([£]§ ¢ x) = [£15 ¢ ([8]5 ¢ x) 7

R
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Let’s Try another Example, f :: o — «

Vg 11— 2, x € [
([T ¢ (appCost(g, ) & x),
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Does this imply
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[£]§ ¢ ([g]§ ¢ x)) € C(R#)
Does this imply
[ely ¢ ([£15 ¢ %) = [£]5 ¢ ([g]j ¢ %) ?
Let's see:
C(R®) = {(ct> appCost(g,x') > X', c>y)
| [e]j ¢ X' =y, c€Z}
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Let’s Try another Example, f :: o — «

Vg 11— 2, x € [
(IF1; ¢ (appCost(g, x) & x).
[£15 ¢ (L&l ¢ x)) € C(RE)

Let's see:
C(R®) = {(ct> appCost(g, X' ) > X', c>y)
| [g]y ¢ X' =y, ceZ}
Actually, the above only imply:

vx.3x'.  appCost(g,x) >([g]; ¢ ([£]; ¢ x))
— appCost(g, x) ([} ¢ ([g ¢ %))

16



Let’s Try another Example, f :: o — «
Define:
RE = {(val([x]§), val([g]; ¢ [x[p)}
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Let’s Try another Example, f :: o — «
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RE = {(val([x]p), val([&]} ¢ [x]§))}
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c>([ely ¢ [xIp) | ¢ € Z}



Let’s Try another Example, f :: o — «
Define:

RE = {(val([x]p), val([&]} ¢ [x]§))}
Then:

C(R?) = {(c > appCost(g, [x]§) >[x]j.

c>([gly ¢ [x[p) | c € Z}
Thus:

Vg iim — T, x Tl,(X,y) € C(Rf)
([£15 ¢ x, [£]; ¢ y) € C(RE)
= Vgim — To,x T
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Let’s Try another Example, f :: o — «
Then:

C(R¢) = {(c> appCost(g [[X]]%?) D[[x]]%,
c>([gly ¢ [x1y) | c € Z}
Thus:

Vg i1 — o, x 11, (X, y) € C(RE).
(£ ¢ %, [£] ¢ y) € C(Rg)
= Vgium — T, Xx T
([£]§ ¢ (appCost(g, [x]) >[x]§),
[£15 ¢ ([l ¢ [x5)) € C(RE)

= Vgim — T, Xx T

[e]5 ¢ ([£15 @ [xTg) = [£1§ ¢ (L&l ¢ IxT§)



Other Examples
Forf::a— a— a,

g(fxy)Cf(gx)(gy)
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Other Examples
Forf::a— a— a,

g(fxy)Cf(gx)(gy)

For f :: a — (o, ),

mapPair (g,g) (f x) O£ (g x)
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Other Examples
Forf::a— a— a,

g(fxy)Cf(gx)(gy)

For f :: a — (o, ),

mapPair (g,g) (f x) O£ (g x)

For f :: [a] — Nat,
f1Cf (map gl)

18



Other Examples
Forf::a— a— a,

g(fxy)Cf(gx)(gy)

For f :: a — (o, ),

mapPair (g,g) (f x) O£ (g x)

For f :: [a] — Nat,
f1Cf (map gl)

For £ :: [a] — [a], get conditional statements about
relative efficiency of map g (f /) and £ (map g /).
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A “Real” Example: Fusion [Gill et al., FPCA’93]

Extensional free theorem:
Forevery f (T > a—a) = a—q,

foldr kz (£ (2)[])=f k z
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A “Real” Example: Fusion [Gill et al., FPCA’93]

Extensional free theorem:
Forevery f (T > a—a) = a—q,

foldr kz (£ (2)[])=f k z

The whole point of fusion:
We expect,

foldr kz (£ (1) []) 2 f kz
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A “Real” Example: Fusion [Gill et al., FPCA’93]

Extensional free theorem:
Forevery f (T > a—a) = a—q,

foldr kz (£ (2)[])=f k z

The whole point of fusion:
We expect,

foldr kz (£ (1) []) 2 f kz

A counterexample:

fu(Nat—-a—a)—a—a
f kz=case[kb5z]of {[] »zx:xs— z}

19



Conclusion

We
» presented a notion of parametricity that
incorporates call-by-value evaluation costs and
» derived quantitative statements about (relative)
runtime from types
» in a calculus with natural numbers, lists, tuples,
and structural recursion.
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Conclusion

We
» presented a notion of parametricity that
incorporates call-by-value evaluation costs and
» derived quantitative statements about (relative)
runtime from types
» in a calculus with natural numbers, lists, tuples,
and structural recursion.
Further plans:
mechanize derivation of “costful” free theorems
use more realistic cost measures
investigate call-by-name / call-by-need
study automatic program transformations
systematically

v

v

v

v
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